Abstract. We prove theorems of Landau and Hardy-Littlewood type for Goldbach, Chen, Lemoime-Levy and other binary partitions of positive integers. We also pose some new conjectures.
Introduction
Let P be the set of primes. For an even number n ≥ 6, let n = p + q with p, q ∈ P be a Goldbach partition of n. Denote g(n) the number of the unordered Goldbach partitions of n. Denote, furthermore, as in [11] , N 2 (n) the number of such partitions with the taking into account the order of parts. Then, evidently, (1) N 2 (n) = 2g(n), if n/2 ∈ P, 2g(n) − 1, if n/2 ∈ P.
Justifying the posing of their famous conjecture (2) N 2 (n) ∼ 2C tw n/ ln 2 n p|n, p odd prime
where C tw is the "twin constant"
C tw = p odd prime p(p − 2) (p − 1) 2 = 0, 66016..., Hardy and Littlewood [11, pp.35-36] reproved the following Landau asymptotics
N 2 (2i) ∼ n 2 /(2 ln 2 n).
In fact, using (3), they obtained the following result. exists, then it equals to 2C tw .
Landau proved (3) using his identity for the ϕ-function which he obtained in [13] :
while Hardy and Littlewood proved (3) using their tauberian theorem [10] . A modern interesting information about Landau formulas (3),(4) one can find in [8] , [12] . In 1998, Dusart [5] obtained the following excellent estimates for the prime counting function π(x) : if x ≥ 355991, then
He also obtained the best lower estimate for nth prime p n [6] , such that the modern known estimates for p n are ( [1] ):
(6) n ln n + n ln ln n − n < p n < n ln n + n ln ln n, n ≥ 6.
These estimates are much stronger than those ones which could be obtained from the well known estimates of Rosser [16] . In this paper, using our identities [17] and estimates (5)- (6), we give a new proof of (3) and close results for sums of numbers of Lemoine-Levy, Chen and some other known binary partitions; we also give new theorems like Theorem 1 (Theorems 4 and 6) and propose a new short way for proof of theorems of such type.
Goldbach partitions
Let P 1 be the set of odd primes and π 1 (x) be its counting function. In [17, example 1] we showed that, for x = 2n,
Using (5), we find
Furthermore, by (5)-(6), we have
Finally, notice that (10)
Now from (8)- (10) we obtain theorem Landau in the form:
Note that (3) follows from (11) and (1).
p+q≤x, p≤q, p, q∈P
Proof. Putting x = 2n, we prove that p+q≤2n, p≤q, p, q∈P
Denoting, for n ≥ 3,
and using the summation by parts, we have
Because of, by Theorem 2, G(n)/n is increasing since n ≥ n 0 , then we have
Thus, by Theorem 2,
and sufficiently to notice that the following identity is valid p+q≤x, p≤q, p, q∈P
.
Granville-Lune-Reele partitions
In 1989, A. Granville, H. te Riele and J. van de Lune [9] conjectured that if, for even n, p = p(n) means the least prime such that n − p is also prime, then
In connection with this, a Golgbach partition of n, for the least part of which (12) is valid (for the minimal constant C in O(...)), we call a Granville-LuneReele partition (GLR-partition) of n. Denote ν(n) the number of unordered GLR-partition of n. According to (7), we have
where O(1) corresponds to the finite set of even n having a GLR-partition of the form n = n/2 + n/2. As in above, now we find
By GLR-conjecture (12), for every sufficiently large n, ν(n) > 0. On the other hand, ν(n) ≤ C ln 2 n ln ln n. The following arguments show that the GLR-conjecture is essentially unprovable. Note that the number of GLRpartitions of 2 k , k ≥ 3 is not more than C 1 k 2 ln k, such that the total number of such partitions for 2 k ≤ x is O(ln 3 x ln ln x). Note, furthermore, that, the most primes of Goldbach partitions of 2
and do not take part in Goldbach partitions as the most parts of neither previous nor following powers (see sequence A152451 in [18] ). Thus, if to remove the most primes in every GLR-representations of 2 k , k = 3, 4, ...,
we obtain a sequence P * of primes with the counting function π * (x) = π(x) − O(ln 3 x ln ln x). Replacing in P * the first N terms by N consecutive primes (with arbitrary large N), we obtain a sequence which essentially is indistinguishable from the sequence P of all primes with help of the approximation of π(x) by li(x), since, according to well known Littlewood result [14] , the remaider term in the theorem of primes could not be less than √ x log log log x/ log x. But, according to our construction, for this sequence of primes we have infinitely many even numbers for which the GLR-conjecture is wrong. Thus the conjecture is essentially unprovable.
. It is well known that for the approximation of π(x) by x/ ln x the remainder term is, as the best, O(x/ ln 2 x). Therefore, beginning the constructing algorithm of sequence A152451 from k ≥ N (with arbitrary large N) we obtain a sequence which essentially is indistinguishable from the sequence of all odd primes with help of the approximation of π(x) by x/ ln x, although, according to the construction, we have infinitely many even numbers which are not expressible by sum of two primes of this sequence. Hence, in principle, it is impossible to prove the binary Goldbach conjecture using such approximation of π(x).
Notice also that, a more economical algorithm leads to sequence A156284 [18] (see also an interest sequence A156537 of "wells").
Lemoine-Levy partitions
Let l(n), odd n ≥ 1, denote the number of decompositions of n into unordered sums of a prime and a doubled prime (Lemoine-Levy partitions). Then, putting in [17, example 3] 2n − 1 = x, we have:
, p∈P
Now, as in Section 2, using (5)- (6), we obtained the result which shows that in average g(n) and l(n) asymptotically coincide.
Theorem 3.
Corollary 2.
p+2q≤x, p, q∈P
Proof repeats proof of Corollary 1 if to notice that p+2q≤2n−1, p, q∈P
Moreover, using the scheme of proof of Theorem 6 (see below), it could be proved the following result which is similar to Theorem 1.
exists, then it equals to C tw .
This theorem is a base for a very close to (2) conjecture: for odd n → ∞
Remark 2. If to consider the Lemoin-Levy's partitions with small least parts, as in Section 3, then one can use the simillar constructive arguments (see comments to our sequences A152460 − A152461 in [18] ).
Chen partitions
Let c(n) denote the number of decompositions of even n into prime and prime or semiprime ( [19] ). In 1966 Chen [2] did a very important step towards Goldbach conjecture, proving that for sufficiently large n
where a = 0.098 [2] with improvements a = 0.67 [3] and 1.0974 [4] . Ross [15] gave a large simplification of Chen's proof. Putting in [17, example 2] 2n = x and g 1 (2i)+g 2 (2i) = c(2i), i = 1, ..., x/2, we have:
where π 1 (x) is the counting function of odd primes and π 2,1 (x) is the counting function of the set P 2,1 = {q n } n≥1 of odd semiprimes, such that (sf [19] ):
Using (5)- (6), we find
such that, by (20), we have
Note that, by (23),
Iterating of (24), we find q n = n ln q n / ln ln q n + O(n/ ln ln q n ) (25) = n(ln n + ln ln q n − ln ln ln q n + o(1)) ln(ln n + ln ln q n − ln ln ln q n + o (1))
(26) ln q n = ln n + ln ln n(1 + o (1)).
Using (25)- (26), we obtain that (27) q n = n ln n/ ln ln n + O(n ln ln n).
Using (23),(27), from (19) we have
or, taking into account (9)- (10),
Furthermore, using (27) and (23), we have
Finally,
Now from (29)- (31) we obtain the following result.
Theorem 5.
(32)
Similar to Corollaries 1,2, in view of the identity
we obtain the following formula.
Furthermore, we show that the following theorem is valid.
exists, then it equals to 2C tw .
This theorem is a base for a similar to (2) conjecture: for even n → ∞ (33) c(n) ∼ 2C tw n ln ln n/ ln 2 n p|n, p odd prime
Note that inequality (18) is weaker than (33). Therefore, it is nature to think that a proof of the binary Goldbach conjecture will come about a form of a weaker inequality than (2), for instance,
Proof of theorem 6
By the following way of proof, one can also reprove Theorem 1 and prove Theorem 4. We use a known statement belonging to O. Stolz (sf [7, pp. 67-68] ). Lemma 1. Let y n → ∞ and be increasing at least for n ≥ n 0 :
If, for some another variable x n , there exists limit
exists as well and equals to a.
Lemma 2. If, for a n > 0, we have 1/a n = O(1) (n → ∞) and, for ε > 0, 
Note that, by (34),(36), we have
or, using condition 1/a n = O(1), we find
Furthermore,
Consequently, by (38), we have
and the lemma follows from (37). Putting now, for x = 2n, n ≥ 3,
p|i, p odd prime
Then, by the condition, lim n→∞ xn−x n−1 yn−y n−1
exists and, by Lemma 1, it is sufficient to prove that
Putting a n = p|i, p odd prime
note that a n = p|i, p odd prime
and the conditions of Lemma 2 are satisfied. Using Theorem 5 and Lemma 2, we have
where η(n) = 1, if n is an odd square-free number, and η(n) = 0, otherwise;
Continuing transformations of expression (41), we have 
Conclusive remarks
In this paper we selected only most interesting, in our opinion, binary partitions of positive integers. General results, which were obtained in [17] , allow, by a similar way, to study many another binary partitions as well. Only for example, it could be proved that if, for x ≡ 1 (mod 4), q(x) ≥ 0 denote the number of unordered representations of x by a sum of two squares of nonnegative integers, then In addition, note that the last formula could be rewrite in the form
where r(n) is the nearest integer to √ n + 1 and n = x−1 4
